We answer a recent conjecture of [N.P. Byott, G.G. Elder, A valuation criterion for normal bases in elementary abelian extensions, Bull. London Math. Soc. 39 (5) (2007) 705-708] in a more general setting. Precisely, let L/K be a finite abelian p-extension of local fields of characteristic p > 0 that is totally ramified. Let b denote the largest ramification break in the lower numbering. We prove that any element x ∈ L whose valuation over L is equal to b modulo [L : K] generates a normal basis of L/K. The arguments will develop certain properties of ramification groups and jumps, as well as the algebraic structure of certain group algebras.
Introduction
The normal basis theorem asserts that when L/K is a finite Galois extension with Galois group G, the additive group of L is free of dimension 1 as a left module over the group ring K [G] . An element x ∈ L such that L = K[G] · x is called a normal basis generator of the extension L/K. In this paper, we are interested in normal basis generators of L/K when K is a local field and G is a p-group for some prime p.
By a local field we mean a complete discrete valuation field with perfect residue field. In a recent joint work [1] , Byott and Elder investigated a valuation criterion for an element x ∈ L to be a normal basis generator of L/K when K is a certain local field of characteristic 0 and L/K is an elementary abelian p-extension, under some mild hypothesis on the ramification of the extension. Their main result is the following:
Theorem 1 (Byott-Elder, [1] ). Let Byott and Elder then conjectured that the previous result still holds when K is a finite extension of the formal power series field F p ((T )). The goal of this paper is to prove this conjecture in a more general setting, that is, for any finite abelian p-extension-not necessarily elementaryof local fields of characteristic p whose residue field is merely perfect. Namely, our main theorem is the following:
Theorem 2. Let K be a local field of characteristic p with perfect residue field. Let L/K be a totally ramified abelian p-extension. If b m denotes the largest lower ramification jump, then every element
x ∈ L with valuation v L (x) ≡ b m mod [L : K] generates a normal basis. Moreover, for any integer a that is not congruent to b m modulo [L : K], there exists an x ∈ L such that v L (x) = a
and x is not a normal basis generator.
These theorems illustrate some relationships between ramification theory and Galois module structure. However, even though the statements are analog, the arguments are rather different in positive characteristic.
First of all, it is worth noting that our Theorem 2 does not require the condition on the upper ramification jumps. This is due to Artin-Schreier theory and the fact that the residue field is perfect. Precisely, in their theorem, Byott and Elder's hypothesis is a restriction to extensions that do not contain any totally ramified Kummer extension given by a pth root of some uniformizing element of the ground field: the ramification jump of such extension is divisible by p and no valuation criterion for normal basis generators is satisfied (see Example 1 of [1] ). In characteristic p, this obstacle does not appear for totally ramified abelian p-extensions because, for such extensions, all lower ramification jumps are relatively prime to p, whenever the residue field is perfect [7] .
Furthermore, the algebraic structure of the group ring K[G] depends on the characteristic of the field K as well. In our proof of Theorem 2 we use properties of K[G] which do not occur when char(K) = 0. In particular, when the order of G is a power of the characteristic of K, the ring K[G] is a local ring and it has a unique minimal left ideal, which is the ideal generated by the trace (see Proposition 6) . This gives rise to a strong criterion: an element x ∈ L is a normal basis generator if and only if its trace from L to K is not zero. When char(K) = 0, this equivalence does not hold anymore, in particular due to the existence of non-trivial idempotent elements in the group algebra K [G] .
The organization of the paper is as follows. The next section comprises a preliminary chapter of definitions and properties on ramification theory for finite extensions of local fields, with some stress laid on the Hasse-Arf theorem. Section 3 is then devoted to a detailed study of the group ring K[G] related to our setting, precisely when char (K) = p and G is a p-group. In particular, Proposition 7 will play a crucial role in the proof of Theorem 2 which is thus postponed to Section 4. Lastly, in Section 5, we shall briefly comment on why the arguments we develop cannot extend to non-abelian p-extensions.
Setup. We consider a local field K, that is, a complete field with respect to a discrete valuation. We denote this valuation by v K , the valuation ring by O K and its maximal ideal by p K . We also denote by k the residue class field:
Let p be a prime number. In the following, we shall suppose that K is of characteristic p. In particular, one may identify K with the formal power series field k((T )) for some uniformizing element T of K, i.e. with v K (T ) = 1.
We fix once and for all an algebraic closure of K: any "extension of K" will mean a subfield of this fixed algebraic closure.
Preliminaries
In this section, we briefly recall notions and fix terminology regarding ramification groups in both lower and upper numberings as well as ramification jumps (or "breaks"), for the convenience of the reader. We shall also stress some more advanced results that will be useful for the rest of the paper. The reader is invited to consult [9] , from which we borrow most of the notation in this paper, for more details.
Note that all results in this section also hold for a local field K of characteristic 0 with residue characteristic p.
Ramification groups
Consider a finite Galois extension L/K with Galois group G. The field L is a local field and we shall denote by O L (resp. p L ) its valuation ring (resp. the maximal ideal of O L ). The ramification groups of L/K form a well-known decreasing filtration of subgroups of G whose construction as well as basic properties are recalled here.
Ramification groups in the lower numbering. For each integer i −1, we define the ith ramification group in the lower numbering G i ⊂ G by:
If u −1 is a real number, we set G u := G i u where i u is the only integer such that
The lower ramification groups form a finite decreasing filtration of normal subgroups of the Galois group G and G i = 1 for large enough i. Note that for i = 0 the ramification group G 0 is the inertia group of L/K. The extension L/K is said to be totally ramified if G = G 0 .
The groups in the lower numbering behave well under taking subgroups. Precisely, if H is a normal subgroup of G, then H u = G u ∩ H for each index u −1. Nevertheless, there is no general description for ramification groups of the quotient G/H in the lower numbering. Now, under some hypothesis on the group H , one can state the following relation which is slightly stronger than the corollary of Proposition 3 in [9, IV.1]:
Proof. The proof comes directly from that of [9] . 
for all real numbers v −1, the ramification groups G v in this upper numbering become adapted to quotients, in the sense that for all normal subgroups H of G we get:
Note that ramification groups in the lower and upper numberings are globally the same, only the numbering differs. In particular, the latter ones still form a finite decreasing filtration of the Galois group G and G v = 1 for all large enough v.
Ramification jumps
A notion that comes naturally, then, is that of ramification jumps, also usually called breaks. Again, we shall distinguish lower jumps from upper jumps.
A lower ramification jump is an integer b −1 such that G b = G b+1 . In our setup, i.e. when the extension L/K is a totally ramified p-extension of local fields of residue characteristic p, then all lower breaks are strictly greater than 0 since in that case G = G 0 = G 1 [9, IV.2, Corollary 1 of Proposition 7] and they are all congruent to one another modulo p [9, IV.2, Proposition 11]. Moreover, when the extension is abelian, the Hasse-Arf theorem that we shall develop below induces more advanced congruences.
An upper ramification jump is a real number t −1 such that G t = G t+ for all > 0. Note that the first upper break is always equal to the first lower break. Now, in general, upper breaks are not integers a priori: the Hasse-Arf theorem again gives some condition for this to happen.
The Hasse-Arf theorem
The Hasse-Arf theorem is a deep result in ramification theory that will play a crucial role for the proof of Theorem 2:
Proposition 4 (Hasse-Arf). If the extension L/K is abelian, then all upper ramification breaks are integers.
Precisely, we shall use the Hasse-Arf theorem under some equivalent statement, which is the following.
We may suppose the extension L/K is totally ramified, otherwise replace G by G 0 . The Herbrand function ψ is actually defined as the inverse function of the homeomorphism ϕ : 
Proof. Writing down the value of ϕ(b i ) for each integer i 1, we get:
The proof is thus a direct iteration based on the property that ϕ(b i ) is an integer according to the Hasse-Arf theorem. 2
These congruences will be of great use in Proposition 10. Moreover, they are actually equivalent to the Hasse-Arf theorem: we shall return to this later, when pinpointing difficulties in extending Theorem 2 to non-abelian p-extensions (Section 5).
Group algebras and normal basis in characteristic p
In this section, we shall investigate several auxiliary properties of the group algebra K [G] in the setup of Theorem 2, precisely when K is a field of characteristic p and G a finite pgroup. These properties yield a general criterion for normal basis generators of p-extensions in characteristic p (Section 3.2). Note that this section does not require the field K to be local, neither the group G to be abelian.
The group algebra K[G]
We begin this section with a general study of the group algebra K[G] when K is any field of characteristic p and G is any finite p-group. We shall denote by T the trace element of K[G] defined by T := σ ∈G σ .
Firstly, we recall that the K-algebra K [G] is an Artinian ring, since it is finite dimensional. As such, its Jacobson radical, defined as the intersection of all its left maximal ideals, equals its largest nilpotent left ideal [5, Thm. 4 .12]. It is a two-sided ideal and we shall denote it by rad(K[G]).
Because the order of G is a power of the characteristic of K, it is well known that rad(K[G]) equals the augmentation ideal of K[G], denoted by I G and which is the left ideal generated by all σ − 1 when σ runs through G. Moreover, K[G] is a local ring and its unique maximal left ideal is rad(K[G]) (see e.g. Lemma 3.1.6 of [6] and Theorem 19.1 of [5]).
Lesser-known is the property that the ring K[G] is a Gorenstein ring, in the sense that it has a unique minimal left ideal, which is the ideal generated by the trace. In the language of representation theory, this property means that the trivial representation is the unique irreducible representation of G over K, in the particular case we consider. This is the following proposition for which we give another proof than (e.g. [5, Thm. 8.4]), using the underlying equality I G = rad(K[G]) (see also [2, Thm. 27 .28]).
Proposition 6. The group algebra K[G] has a unique minimal left ideal, which is generated by the trace element T .

Proof. Let t denote the left ideal of K[G]
that is generated by the trace element. Note that it is also a two-sided ideal.
Since T is invariant under the action of G, it is clear that
so that all a σ 's are equal to each other and a ∈ t. Therefore, t is an irreducible K-representation of G as well and thus it is a minimal left ideal of K[G].
We
then prove uniqueness. If a is a minimal left ideal of K[G], it is a simple left K[G]-module. Therefore, it is annihilated by all elements of rad(K[G]) [5, Lem. 4.1]. Since rad(K[G]) equals the augmentation ideal of K[G], this implies that a is fixed under G and so a = t. 2
Let us stress the fact that this proposition is not true in characteristic 0. Actually, when char(K) = 0, the Maschke's theorem [2, Theorem 15.6] claims that the group algebra K[G] is semi-simple. In particular, the ideal generated by the trace map, which is still minimal, is also a direct summand of K [G] 
Normal basis generators in p-extensions of characteristic p
Let K be a field of characteristic p and let L/K be a p-extension with Galois group G. We denote by Tr L/K the trace map from L to K. The normal basis theorem provides an identification between the group algebra K[G] and the additive group of L given by the K-isomorphism λ ∈ K[G] → λ.x ∈ L for any normal basis generator x of L/K, under which the trace element T of K [G] coincides with Tr L/K (x). We shall then apply the results of the previous subsection to this situation.
In particular, a useful consequence of the above proposition is the following criterion which is the heart of the proof of Theorem 2 since it characterizes normal basis generators for pextensions in characteristic p. Note that while the first direction is fairly explicit and always true whatever the characteristic of K, we shall again stress the fact that the reverse direction relies on the specificity of our setup, precisely where the cardinality of G is a power of char(K): 
Proof of Theorem 2
Again, K denotes a local field of characteristic p with perfect residue field and L/K is an abelian p-extension which is totally ramified.
We are now ready to prove Theorem 2. According to Proposition 7, it amounts to the same as showing that the congruence
We shall do this by induction, using the transitivity of the trace. For that purpose, we first prove two preliminary results.
Lemma 8. Suppose L/K is a cyclic totally ramified extension of degree p and let b denote its unique ramification break. Then, for each
In particular, Tr L/K (x) = 0 and x is a normal basis generator for L/K.
Proof.
Let σ denote a generator of the group G. Since char(K) = p, we have:
We then compute v L ((σ − 1) i ) by iteration on i, for 1 i p − 1. Since the extension L/K is totally ramified, there exists a uniformizing element π of L such that L = K(π) [9, I.7, Proposition 18]. In particular:
with all a i in K. According to Lemma 2.2 of [4, III] , the following holds: − 1) p−1 (x) ) is divisible by p. Therefore the argument developed at each step would no longer apply. This lemma is essentially where we use the fact that b is prime to p for the proof of Theorem 2.
We thus obtain: Then, for any element 
, all this implies the following, after dividing by p: 
Further comments
It is natural to ask, then, whether the same valuation criterion is true when the extension L/K is no longer supposed to be abelian. We cannot answer this question in the affirmative.
Actually, the proof of Proposition 10 is based on advanced congruences between the lower ramification jumps, when passing from the largest jump of the extension L/K to the largest jump of the sub-extension M/K. More precisely, these congruences are the machinery that makes the iteration work in the proof of Theorem 2.
Following Proposition 5, these congruences can be stated as follows in our setup. As such, these congruences where first noticed by Hasse in a letter to Artin, in the 1930s, according to [8] . In this letter, Hasse wondered whether these congruences were still valid in the non-abelian case: Artin immediately answered in the negative. Actually, these congruences are equivalent to the Hasse-Arf theorem that came a few months later, precisely to the fact that each In [3] , Fesenko proved that in some sense this property characterizes abelian p-extensions over K: for each non-abelian p-extension L/K that is totally ramified, there exists a totally ramified abelian p-extension L /K such that the compositum LL /K does not satisfy the HasseArf theorem. This is the reason why the arguments of Proposition 10 do not apply to non-abelian pextensions. Lower breaks might not be the most appropriate objects to characterize normal basis generators in such case.
